Abstract. We introduce a model for random groups in varieties of n-periodic groups as n-periodic quotients of triangular random groups. We show that for an explicit d crit ∈ (1/3, 1/2), for densities d ∈ (1/3, d crit ) and for n large enough and odd, the model produces infinite n-periodic groups. As an application, we obtain, for every fixed large enough and odd n, for every p ∈ (1, ∞) an infinite n-periodic group with fixed points for all isometric actions on L pspaces.
Introduction
We define a triangular model for quotients of free Burnside groups as an extension of the usual triangular model for random groups. Recall that the free Burnside group B(m, n) of rank m and exponent n is given by B(m, n) ∼ = F m /F n m , where F m is the free group of rank m and, for a group G, we let G n := g n : g ∈ G ≤ G, i.e. the verbal subgroup corresponding to w n . Formally, a generating set S of a group G is an epimorphism F (S) → G, where F (S) is the free group on S. Definition 1.1. Let G := (G m ) be a sequence of groups with generating sets S m of size m. Let d ∈ (0, 1) be chosen, called the density. Let P be a property of a group. For each m ∈ N, consider the uniform probability distribution on the set of all subsets R of F (S m ) consisting of (2m − 1) 3d cyclically reduced words of length 3. We say that a random triangular quotient of G at density d has property P asymptotically almost surely (a.a.s.) if the probability that the quotient of G m by R has P goes to 1 as m → ∞.
We call a random triangular quotient of the sequence of free groups of rank m with canonical generating sets a random triangular group. Given n > 0, we call a random triangular quotient of the sequence of free Burnside groups of rank m and exponent n with canonical generating sets a random triangular n-periodic group.
Our main result is the following: , random triangular groups have interesting fixed point properties: they have Kazhdan's property (T) a.a.s. [Żuk03, KK13] , and indeed for each p ∈ (1, ∞) they have property F L p , that is any affine isometric action of the group on an L p -space has a global fixed point [DM16] ; see these references for further details. While these fixed-point properties are trivial for finite groups, they are highly interesting for infinite groups. Clearly, whenever a random triangular group at density d has P a.a.s. and P is inherited by quotients, then a random triangular n-periodic group at density d also has P. We deduce, for example:
12 ≈ 0.38307, for n large enough and odd, a random triangular n-periodic group at density d is infinite and has Kazhdan's property (T) a.a.s., and for each fixed p 0 ∈ (1, ∞), a random triangular n-periodic group at density d is infinite and has property F L p for all p ∈ (1, p 0 ] a.a.s.
The key tool for proving Theorem 1.2 is the following result, which is based on [Cou16, Theorem 6.15]. Our statement is a slight simplification of the statement given in [CG17] and will be sufficient for our purposes. It says that a torsion-free group acting non-elementarily and acylindrically and a δ-hyperbolic space admits an infinite n-periodic quotient, so long as n is large enough and odd, where "large enough" only depends on δ and the acylindricity constants of the action. . Suppose that a torsion-free group G acts acylindrically and non-elementarily on a δ-hyperbolic space X with constants L and N , i.e. for any x, y ∈ X with d(x, y) ≥ L we have for
that |G x,y,800δ | ≤ N . Then there exists n 0 = n 0 (δ, L, N ) so for any odd n ≥ n 0 the group G/G n is infinite.
Notice that we state the result for 800δ instead of 100δ as in [CG17] , as [CG17] uses the 4-point definition of hyperbolicity, while we use the slim-triangles definition, which incurs a conversion factor of 8 [CDP90, Chapitre 1, Proposition 3.6].
In our proof, we shall use the action of a triangular random group G on its Cayley graph X to show that a triangular random n-periodic group, which can be realized as G/G n , is infinite. For suitable densities d, X is δ-hyperbolic, where δ only depends on d, i.e. is independent of the rank m. In order to apply Theorem 1.4, it remains to also bound L and N independently of m. The key challenge in this is to bound N independent of the volume of balls in G, because as m → ∞ this will not be controlled. The main idea of the proof is to use strong isoperimetric inequalities for random groups to show that, with at most uniformly boundedly many exceptions, geodesics [x, y] and [gx, gy] = g[x, y] have to collide within a uniformly bounded distance of x.
In the following we show that a triangular random group at density d 0 < 12 ≈ 0.38307 results from our current methods, which use that for d not too much larger than 1 3 , disc diagrams bounded by two geodesics have particularly nice forms. There is no obvious reason why more elaborate arguments could not work at higher densities, so we ask:
, does there exist n 0 so that for each n ≥ n 0 odd and for each 0 < d ≤ d 0 , a random triangular n-periodic group G at density d is infinite?
Isoperimetric inequalities
Ollivier established an isoperimetric inequality for random groups that is a key tool in our argument, see Theorem 2.1 below. We are going to need a version of this inequality which applies to not-necessarily-planar 2-complexes, which are not necessarily reduced. 
Equivalently, every such D has |∂D| ≥ 3(1 − 2d − 2 )|D|, where |∂D| is the number of boundary edges.
Consequently, the Cayley graph of G is δ-hyperbolic with δ ≤ 12/(1 − 2d). Definition 2.3. An abstract labelled 2-complex is a 2-complex Y together with (1) a surjective assignment π from the set Y (2) of 2-cells of Y to {1, . . . , n}, where n ∈ {1, . . . , |Y |} is the number of distinct relators in Y , and (2) each boundary path ∂f of a 2-cell f comes with a designated initial edge and orientation; this gives an enumeration of the edges in the boundary of each 2-cell. For an edge e ∈ Y
(1) and face f , we set ξ(e, f ) = 1 if, among all faces with the same label as f that contain e, e appears in f in minimal position and ξ(e, f ) = 0 otherwise. Let
If no edge e appears as the jth edge of two different faces labelled i, for some i, j, we say Y is reduced; this implies, but is stronger than, Red(Y ) = 0.
For example, if an edge e has 6 faces labelled i attached to it, and in 4 of these faces it is attached as the second edge and in 2 it is the third edge, then e and i give a contribution of 3 to Red(Y ). This number is relevant in our probabilistic arguments later, since once the edge is labelled in minimal position, the later labels are forced.
Definition 2.4. Fix a (random group) presentation S | R . Let Y be an abstract labelled 2-complex with n ≤ |Y | distinct relators. A k-tuple of words (w 1 , . . . , w k ) in R, k ≤ n (partially) fulfils Y if when the boundary of each 2-cell labelled by i ≤ k is labelled by w i , the resulting (partially) labelled complex is consistent.
If Y is fulfilled by (w 1 , . . . , w n ), we call Y with this labelling a labelled 2-complex.
Note that the words w 1 , . . . , w n need not be pairwise distinct. Also, if Y is a labelled 2-complex, then we have a combinatorial map from Y to the presentation complex. If Y is reduced then this map is locally injective around the interiors of edges, as long as the w i are distinct and no relation is a proper power (which is true at densities d < 1/2 a.a.s.). A labelled 2-complex Y that is embedded in R 2 and is contractible is just a van Kampen diagram over the presentation. We show that the probability that for a set of (2m − 1) 3d random triangular relators there exists an n-tuple of relators fulfilling Y (where n ≤ |Y | is the number of distinct relators in Y ) goes to 0 as m → ∞. As, due to the restriction that |Y | ≤ M , there are only boundedly many such complexes to consider, this will prove the claim.
Let m 1 , . . . , m n be the number of faces labelled by each of 1, . . . , n; without loss of generality, we may assume that m 1 ≥ m 2 ≥ · · · ≥ m n ≥ 1, since Red(Y ) is invariant under permutation of labels. Given an edge e and a face f , we set χ(e, f ) = 1 if f contains e and the label of f is minimal among all those faces containing e, and χ(e, f ) = 0 otherwise. Given an edge e, denote by i e the minimum of all labels of faces containing e, and if e is not contained in a face set i e = 0 / ∈ {1, . . . , n}. Given a face f , let
where |f | is the edge-length of the boundary path of f . Then δ(f ) is the number of edges (counted with multiplicity) in the boundary path of f whose labels are forced by earlier labellings, as we choose our random relators letter-by-letter starting from the first relator. Observe here that an edge e that is visited more than once by the boundary path of f can only be in minimal position once in that boundary path, i.e. we do not need to worry about its multiplicity in the sum. We have (noting that a sum with empty index set is 0):
Thus if δ i is the maximal value of δ(f ) among all faces f labelled by i,
For 1 ≤ i ≤ n, let p i be the probability that random cyclically reduced words (w 1 , . . . , w i ) partially fulfil Y (and p 0 = 1). Then
Lemma 2.6 (cf. [Oll05, Lemma 59]). We have
Proof. (This is a slight variation on Ollivier, as for clarity we keep track of error estimates caused by counting cyclically reduced words.) Cyclically reduced words of length three either start with a repeated symbol or not, and so the total number of these is 2m · 1 · (2m − 1) + 2m(2m − 2)(2m − 2) = (2m − 1) 3 + 1. If δ i > 0, then the total number of choices of w i allowed is ≤ (2m − 1) 3−δi , thus the probability of success is
Following Ollivier, we find that the probability that a set R, |R| = (2m − 1) 3d , of random triangular relations contains an n-tuple that fulfils Y satisfies
which by our assumption on Y is < exp (log(2m − 1) · −3 ), which goes to 0 as m → ∞, whence the result follows.
Colliding geodesics
We show that geodesics tend to collide in a random triangular group at reasonably low densities. Our key proposition is the following. 12 ≈ 0.38307). Then there exist δ, L 0 , L 1 , k depending on d 0 so that for d ≤ d 0 , a random trianglar group presentation G at density d with Cayley graph X has a.a.s. that X is δ-hyperbolic, and for every x, y ∈ X with d(x, y) ≥ L 0 , for every geodesic γ from x to y, there exist at most k elements g 1 , . . . , g l of G x,y,800δ such that for every 1 ≤ i < j ≤ l we have
Remark 3.2. Note that we allow g i = 1 G . The proposition implies that while k parallel geodesics may be possible, any additional geodesic would have to collide into one of the first k. Indeed, at densities d > Proof of Theorem 1.5.
] → X be any geodesic from x to y, and let A := {g 1 , g 2 , . . . , g l } be a maximal subset of G x,y,800δ such that for every 1 ≤ i < j ≤ l we have
Then, by Proposition 3.1, we have l ≤ k. Given any h ∈ G x,y,800δ , by maximality of A we have for some 1 ≤ i ≤ l that g i γ∩hγ∩B(x, L 1 ) is non-empty. Thus there exists t, t ≤ L 1 + 800δ so that g i γ(t) = hγ(t ), hence by the freeness of G acting on X we must have h = g i γ(t)γ(t ) −1 . Thus there are at most N = k(L 1 + 800δ)
2 possibilities for h. 12 . Set δ := 12/(1 − 2d 0 ) and, for convenience, R := 800δ. The claim on δ-hyperbolicity follows from Theorem 2.1. Let L 1 ≥ 5R + 4δ + 2 be some large integer to be determined, and set L 0 := L 1 − R. Suppose we are given x, y ∈ X with d(x, y) ≥ L 0 . Fix γ a geodesic joining x to y.
Consider a geodesic joining g 1 x to g 2 x, and take a subpath α 1 meeting g 1 γ and g 2 γ exactly once each. The first vertex in g 1 γ at distance at least L 1 − 3R − 2δ − 1 from g 1 x is at distance at most 2δ from some vertex in g 2 γ by hyperbolicity and the choices of L 0 and L 1 ; consider a geodesic between these two vertices and choose a subpath α 2 meeting each g 1 γ and g 2 γ in exactly one point. Together, α 1 , α 2 and the appropriate subpaths of g 1 γ, g 2 γ make an embedded loop in X contained in B(x, L 1 ). The α 1 , α 2 sides have lengths totalling ≤ 2R+2δ and the sides in g 1 γ, g 2 γ have lengths ∈ [L 1 −5R−4δ −1, L 1 −R], moreover, they contain identically labelled subpaths of length ≥ L 1 − 5R − 4δ − 1.
Let D be a minimal area van Kampen disc diagram for this loop. Since g 1 γ, g 2 γ are disjoint geodesics and the presentation is triangular, every edge in ∂D falls into one of three categories: 0. it comes from α 1 or α 2 ; 1. it comes from g 1 γ or g 2 γ, and the remaining vertex in the face containing it is not in g 1 γ ∪ g 2 γ; 2. it comes from g 1 γ or g 2 γ, and the remaining vertex in the face containing it is in g 1 γ ∪ g 2 γ. Notice that in case 2, if the edge e is in g 1 γ, then the remaining vertex must be in g 2 γ because γ is geodesic, and vice versa if e is in g 2 γ.
Let us write E 0 , E 1 , E 2 for the number of edges in each case, thus
Let V be the number of vertices in D. Write V = V 0 + E 1 + E 2 where E 1 + E 2 counts the initial vertices of edges in the boundary subpaths corresponding to g 1 γ, g 2 γ, and V 0 counts all other vertices.
Since γ is a geodesic, for each edge in g 1 γ contributing to E 1 , the remaining vertex in the face containing it can correspond to at most two such edges in g 1 γ.
Taking into account g 2 γ as well, this gives E 1 ≤ 4V 0 .
Notation. In the following, for i ∈ N each C i denotes an appropriate constant C i = C i (λ 1 , . . . , λ r ) ∈ R depending only on λ 1 , . . . , λ n and chosen appropriately to make the inequalities work. Observe here that δ and d are functions of d 0 , whence, in the following we will be able to write
The total number of edges in D is 
In other words, when d is only a little more than 1/3 and
is large, the fraction E 1 /(E 1 + E 2 ) is small. So most edges are in E 2 , and the corresponding triangles meet the other side of D. Now suppose we have k+1 elements {g 1 , . . . , g k+1 } ⊂ G x,y,R so that the geodesics g i γ are pairwise disjoint in B(x, L 1 ). For each pair (g i γ, g j γ), i < j, we can do the construction above to find a reduced disc diagram D i,j . The sides of these diagrams corresponding to each of the geodesics g i γ contain identically labelled subpaths of length ≥ L 1 −5R−4δ−1. We construct a 2-complex Y from these k+1 2 diagrams by identifying, for each i, the paths corresponding to g i γ in the k diagrams containing such a path. (For the purpose of illustration, observe that Y is homeomorphic to the product of a complete graph on k + 1 vertices with a compact interval.) This complex Y is a labelled 2-complex for the random presentation: at densities d < 1/2, a standard argument shows that a.a.s. distinct r, r ∈ R have that r
±1
and r ±1 are not cyclic conjugates of each other, so there is a canonical way to view Y as a fulfilled abstract labelled 2-complex, where the abstract labelled 2-complex is unique up to permutation of the abstract face labels. This will let us apply Theorem 2.5 to Y . (D i,j ) . So the contribution to Cancel(Y ) from the edges with deg(e) ≤ 2 is at most
Meanwhile, for each of the at most (k + 1)L 1 + C 8 (d 0 , k) edges glued together to make Y there is a contribution of k − 1. So in total,
So by Theorem 2.5 (
where the second inequality follows from |D i,j | ≥ 2L 1 − C 12 (d 0 ) since each face can meet at most one edge in the disjoint bounding geodesics.
All contributions to Red(Y ) come from the k + 1 glued geodesics. If we have a contribution 1 ≤ t = ( f ∈Y (2) ,π(f )=i ξ(e, f ) − 1) + to Red(Y ), then at least t of the ≥ t + 1 faces with label i in which e occurs in the same (minimal) position must belong to the class E 1 in their diagrams. Otherwise, consider two E 2 faces f 2 and f 3 containing e and contributing to Red(Y ), say for example f 2 is in D 1,2 and f 3 is in D 1,3 . The 1-skeleton of the disc diagram D 1,2 ∪ g1γ D 1,3 admits a well-defined map f to X. If, for i = 2, 3, we denote by v i the vertices of f i not in e, then f (v 2 ) = f (v 3 ), i.e. g 2 γ ∩ g 3 γ ∩ B(x, L 1 ) = ∅, contradicting our assumption. Thus Let C 14 := C 13 − C 11 . We show that whenever k is large enough, depending on d 0 and, subsequently, L 1 is large enough, depending on d 0 and k, we have 12 , which we assumed. Thus, we may choose k only depending on d , which in turn only depends on d 0 , and subsequently L 1 such that Red(Y ) < Red(Y ), contradicting our assumptions.
